The multi-homogeneous Bézout number is a bound for the number of solutions of a system of multi-homogeneous polynomial equations.
Estimating the number of isolated solutions of a polynomial system is useful for the design and analysis of homotopy algorithms and certain applications [2, 5] .
An application of multi-homogeneous Bézout bounds outside the realm of algebraic equation solving is discussed in [3] , where the number of roots is used to bound geometrical quantities such as volume and curvature.
There is an important connection between rootcounting and NP-completeness theory. Indeed, it is easy to reduce an NP-complete or NP-hard problem such as SAT, the Traveling Salesman problem, Integer Programming (and thus all other NP problems as well) to the question whether certain polynomial systems have a common zero.
In this paper, we consider the following problem. Let n ∈ N and a finite A ⊂ N n be given as input. Find the minimal multi-homogeneous Bézout number, among all choices of a multi-homogeneous structure for a polynomial system with support A:
where the f iα are non-zero complex coefficients. Geometrically, this minimal Bézout number is an upper bound for the number of isolated roots of the system (1) in C n . multi-homogeneous Bézout number for (1) up to any fixed factor, unless P = NP. This means that computing or even approximating the minimal Bézout number up to a fixed factor is NP-hard. In terms of the hierarchy of approximation classes (see [1] ), the minimal multihomogeneous Bézout number does not belong to the class APX unless P = NP.
Motivated by what is known on volume approximation, one could ask whether allowing for randomized algorithms would be of any improvement.
Theorem 2.
There cannot possibly exist a randomized polynomial time algorithm to approximate the minimal multi-homogeneous Bézout number for (1) up to any fixed factor, with probability of failure < 1/4, unless BPP ⊇ NP.
While the conjecture BPP ⊇ NP is less widely known outside the computer science community than the conjecture P = NP, its failure would imply the existence of probabilistic polynomial time algorithms for solving problems such as the factorization of large integers or the discrete logarithm.
